ON EQUIVARIANT HOMEOMORPHISMS OF BOUNDARIES OF 

CAT(O) GROUPS 
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Abstract. In this paper, we investigate an equivariant homeomorphism of 
the boundaries dX and 8Y of two proper CAT(O) spaces X and Y on which 
a CAT(O) group G acts geometrically. We provide a sufficient condition to 
obtain a G-equivariant homeomorphism of the two boundaries 8X and 8Y 
as a continuous extension of the quasi-isometry <f> : Gxo — ¥ Gyo defined by 
<j>(gxo) = gyo, where xq € X and yo € Y. 



1. Introduction 

In this paper, we investigate an equivariant homeomorphism of the boundaries 
of two proper CAT(O) spaces on which a CAT(O) group acts geometrically as a 
continuous extension of a quasi-isometry of the two CAT(O) spaces. 

Definitions and details of CAT(O) spaces and their boundaries are found in [5] 
and |20) . A geometric action on a CAT(O) space is an action by isometries which 
is proper ([5J p. 131]) and cocompact. We note that every CAT(O) space on which 
some group acts geometrically is a proper space ([8j p. 132]). A group G is called a 
CAT(O) group, if G acts geometrically on some CAT(O) space X. 

It is well-known that if a Gromov hyperbolic group G acts geometrically on a 
negatively curved space X, then the natural map G 4 I (j 4 9%o) extends con- 
tinuously to an equivariant homeomorphism of the boundaries of G and X. Also 
if a Gromov hyperbolic group G acts geometrically on negatively curved spaces X 
and Y, then the boundaries of X and Y are G-equivariant homcomorphic. Indeed 
the natural map Gx$ Gyo (gxo ^ gyo) extends continuously to a G-equivariant 
homeomorphism of the boundaries of X and Y. The boundaries of Gromov hyper- 
bolic groups are quasi-isometric invariant (cf. [5], [IT], [20], [2JJ, [22]). 

Here in [22], Gromov asked whether the boundaries of two CAT(O) spaces X and 
Y are G-equivariant homeomorphic whenever a CAT(O) group G acts geometrically 
on the two CAT(O) spaces X and Y. In [7], P. L. Bowers and K. Ruane have 
constructed an example that the natural quasi-isometry Gxo — > Gyo {gxo > gyo) 
does not extend continuously to any map between the boundaries dX and dY of 
X and Y. Also S. Yamagata [30J has constructed a similar example using a right- 
angled Coxeter group and its Davis complex. Moreover, there is a research by 
C. Croke and B. Kleiner |13j on an equivariant homeomorphism of the boundaries 
dX and dY. 
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Also, C. Croke and B. Kleiner [T3] have constructed a CAT(O) group G which 
acts geometrically on two CAT(O) spaces X and Y whose boundaries are not home- 
omorphic, and J. Wilson [35] has proved that this CAT(O) group has uncountably 
many boundaries. Recently, C. Mooney [33] has showed that the knot group G of 
any connected sum of two non-trivial torus knots has uncountably many CAT(O) 
boundaries. 

Also, it has been observed by M. Bestvina [5] that all the boundaries of a given 
CAT(O) group are shape equivalent, and he has asked the question whether all the 
boundaries of a given CAT(O) group are cell-like equivalent. This question is an 
open problem and there are some resent research (cf. [2], [34]). 

The purpose of this paper is to provide a sufficient condition to obtain a G- 
equivariant homeomorphism between the two boundaries dX and dY of two CAT(O) 
spaces X and Y on which a CAT(O) group G acts geometrically as a continuous 
extension of the natural quasi-isometry Gxq — > Gyo (gxo l— ► gyo), where xq G X 
and yo G Y. 

Now we recall the example of Bowers and Ruane in [7]. Let G = F 2 x Z and 
X = Y = T x R, where F 2 is the rank 2 free group generated by {a, b} and T is 
the Cayley graph of F 2 with respect to the generating set {a, b}. Then we define 
the action "•" of the group G on the CAT(O) space X by 

(o,0)-(*,r) = (o-t,r), 
(b,0)-(t,r) = (b-t,r), 
(l,l).(t,r) = (t,r + l), 

for each (t,r) eTxl = I, and also define the action "*" of the group G on the 
CAT(O) space Y by 

{a,0)*{t,r) = (a-t,r), 

(6.0) *(t,r) = (&.t,r + 2), 

(1.1) *(t,r) = (i,r + l), 

for each (i, r) e TxK = F. Then the group G acts geometrically on the two CAT(O) 
spaces X and Y, and the quasi-isometry g ■ xo <— > g *yo (where xo = (1, 0)gI and 
yo = (1, 0) G y) does not extend continuously to any map from dX to dY. Indeed 

for g t = a l b l G F 2 , {g°° \ i € N} -)• a°° as £ ->• 00 in 9T, 

hm( 3 r,0)^o = [5r,0], 

n— >-oo 

lim (a",0) - xo = [a°°,0], 

in X U SAT, and 

lim(^0)*yo = [sr»lL 
lim (a",0)*yo = [a°°,0], 

71— >QO 

in F U 9F. Hence any map from dX to dY obtained as a continuously extension 
of the quasi-isometry G ■ xq — > G * yo (g ■ x — > g * yo) must send [g°°, 0] to [g°°, j] 
and fix [a°°, 0]. However, this is incompatible with continuously at [a°°, 0], because 
\gf°, 0] -> [a°°, 0] as i -> 00 (0 p.187]). 
Here in this example, we note that 
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(a) the point a 1 ■ xq is in the geodesic segment from xq to g l ■ xq in X, i.e., 
a 1 ■ xq £ [xo, g l ■ xq] in X for any i 6 N and 

(b) the distance between the point a 1 * j/o and the geodesic segment from yo to 
g % * yo is unbounded for i £ N in Y, i.e., there does not exist a constant 
M > such that d(a* * y , [y , g l * yo}) < M for any i £ N in F. 

Based on this observation, we consider a condition. 

We suppose that a group G acts geometrically on two CAT(O) spaces X and Y. 
Let xo £ X and yo G F. Then we define the condition (*) as follows: 

(*) There exist constants N > and M > such that GB(xo,N) = X, 
GB(y ,M) = Y and for any g,a £ G, if [a; ,5a;o] D B(ax ,N) ^ in X 
then [y , grj/o] n B(ay , M) ^ in Y. 
In this paper, we prove the following theorem. 

Theorem 1.1. Suppose that a group G acts geometrically on two CAT(O) spaces 
X and Y . Let xo £ X and yo £ Y . If the condition (*) holds, then there exists 
a G-equivariant homeomorphism of the boundaries dX and dY as a continuous 
extension of the quasi-isometry (f> : Gxo — > Gyo defined by tf)(gxo) — gyo. 

2. CAT(O) SPACES AND THEIR BOUNDARIES 

Details of CAT(O) spaces and their boundaries are found in [T], [8], [19], [20] and 
[37]. 

A proper geodesic space (X, dx) is called a CAT(O) space, if the "CAT(O)- 
inequality" holds for all geodesic triangles A and for all choices of two points x 
and y in A. Here the "CAT(0)-inequality" is defined as follows: Let A be a geo- 
desic triangle in X . A comparison triangle for A is a geodesic triangle A' in the 
Euclidean plain R 2 with same edge lengths as A. Choose two points x and y in A. 
Let x' and y' denote the corresponding points in A'. Then the inequality 

dx(x,y) < d R 2(x',y') 

is called the CAT (0) -inequality, where c?r2 is the natural metric on R 2 . 

Every proper CAT(O) space can be compactified by adding its "boundary" . Let 
(X, dx) be a proper CAT(O) space, and let 1Z be the set of all geodesic rays in X. We 
define an equivalence relation ~ in 1Z as follows: For geodesic rays £, £ : [0, 00) — > X, 

f ~ £ Im£ c 5(ImC, N) for some N > 0, 

where B(A,N) := {x £ X d x (a;, A) < A} for A £ X. Then the boundary dX of 
X is defined as 

dx = n/ ~ . 

For each geodesic ray £ £ 7^, the equivalence class of £ is denoted by £(00). 

It is known that for each a £ <9X and each xo £ X, there exists a unique geodesic 
ray £a : [0, 00) — ► X such that £ a (0) = xo and £ a (oo) = a. Thus we can identify 
the boundary dX of X as the set of all geodesic rays £ with £(0) = £o- 

Let (X, dx) be a proper CAT(0) space and let xo £ X. We define a topology on 
X U dX as follows: 

(1) X is an open subspace of X U dX. 

(2) Let a £ <9X and let £ a be the geodesic ray such that £ Q (0) = £0 an d 
£ Q (oo) = a. For r > and e > 0, we define 

^uax(a;r,e) = {x £ X U <9A | x # B(x a ,r), dx(€ a (r),£ x (r)) < e}, 
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where £ x : [0, dx{xo, x)] — > X is the geodesic (segment or ray) from xq to 
x. Let eo > be a constant. Then the set 

{Uxudx(a;r, e ) \ r > 0} 

is a neighborhood basis for a in X U 9X. 

Here it is known that the topology on X U dX is not dependent on the basepoint 
in el and X U dX is a metrizable compactiheation of X. 

Also for a £ 3X and the geodesic ray £ Q with £ a (0) = xq and £ Q (oo) = a and 
for r > and e > 0, we define 

Ux uax {<x;r,e) = {x eXUdX\x $ B(x ,r), dx(£ a (r),Im£ x ) < e}, 

where £ x ■ [0,d(xo,x)] — > X is the geodesic (segment or ray) from xq to x. Let 
eo > be a constant. Then the set 

{U'xvdxi^r, e ) \r > 0} 

is also a neighborhood basis for a in X U <9X (cf. [231 Lemma 4.2]). 

Suppose that a group G acts on a proper CAT(O) space X by isometries. For 
each element <? £ G and each geodesic ray £ : [0, oo) — » X, a map g£ : [0, oo) — > X 
defined by (g£)(t) := g{£{t)) is also a geodesic ray. For two geodesic rays £ and 
if = then (7^(cxd) = g£'(oo). Thus g induces a homeomorphism 

of dX, and G acts on d X by homeomorphisms. Here we note that if a sequence 
{xi ieN}cI converges to a £ <9X in X U <9X, then for any g £ G, the sequence 
{(/rrj 1 1 £ N} C X converges to ga £ in X U 9X. 

Definition 2.1. Let (X, rfx) be a proper CAT(0) space and let {xi i £ N} C X be 
an unbounded sequence in X. In this paper, we say that the sequence {xi \ i £ N} 
is a Cauchy sequence in X U 9X, if there exists eo > such that for any r > 0, 
there is a number iq £ N as 

£i £ U X udx{xi ;r, e ) 

for any i > iq. Here 

^xuax(^ ; r ' e o) = {x £ A | x £ B(x Q ,r), d x (£x io (r),(x{r)) < e}, 
where ^ z is the geodesic segment from Xq to z in X. 

We show the following lemma which is used later. 

Lemma 2.2. Let (X, d x ) be a proper CAT(0) space and let {xi i £ N} C X be 
an unbounded sequence in X. Then the sequence {xi \ i £ N} is a Cauchy sequence 
in X U dX defined above if and only if the sequence {xi \ i £ N} converges to some 
point a £ dX in X U dX . 

Proof. We first show that if the sequence {xi \ i £ N} converges to some point 
a £ dX in X U dX, then {xi i £ N} is a Cauchy sequence in X U dX defined 
above. 

Suppose that {xi i £ N} converges to a £ dX in X U dX. Let e > 0. Since the 

set 

{Uxuox(a;r,^)\r>0} 

is a neighborhood basis for a in X U 9X, for each r > 0, there exists a number 
io £ N such that 

Xi £ t/ X uax(a;r, ^) 
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for any i > iq. Then for any i > io, 

dx(^Jr),Ur))<d x (C x Jr),Ur))+dx(Ur),Ur)) 

<f£ + f£ 

= eo- 

Hence Xi G Uxudx(xi 1 r : e o) for any z > iq. Thus the sequence {x^ | i G N} is a 
Cauchy sequence in X U 9X. 

Next, we show that if {xi \ i G N} is a Cauchy sequence in XUdX defined above, 
then {xi | i G N} converges to some point a € dX in X U dX. 

Suppose that {xi \ i 6 N} is a Cauchy sequence in XUdX. Since the set {a^ | i G 
N} is unbounded in X, there exists a limit point a G Cl{xi \ i e N}fl <9JT. Here 
there exists a subsequence {x^ | j G N} G {x^ i G N} which converges to a in 

Then we show that the sequence {xi | i G N} converges to the point a G dX in 
X U dX. 

Since {xj | i G N} is a Cauchy sequence in X U 9X, there exists eo > such that 
for any r > 0, there is a number io G N as Xi G £7xuax(xi ; r\ eo) for any i > io, 
i.e., dx(£r; M, ( r )) e o I0r an Y i > *o- Also since the subsequence {x^ j G N} 
converges to a in X U dX, there exists ij > io such that Xj 3 . G Uxudx(a;r, 1), 
i.e., dx(&i 3 . o W,faW) < 1. Then for any i > i jo , 

dx(U(r),Ur))<dx(^Ar),U (r)) + dx(^ io (r),^ ijo (r))+d x (^ ]Q (r),£ a (r)) 

< eo + eo + 1 
= 2e + 1, 

since i > ij > io- Hence for any r > 0, there exists a number ij G N such that for 
any i > i j0 , 

Xi G U X udx(a; r, 2e + 1), 
where 2eo + 1 is a constant. Thus the sequence {xi i G N} converges to the point 
a G dX in X U dX. □ 

3. Proof of the main theorem 

We suppose that a group G acts geometrically on two CAT(O) spaces (X,dx) 
and (Y, dy)- Let xq G X and j/o G F. Now we suppose that the condition (*) holds; 
that is, 

(*) there exist constants N > and M > such that GB(xq,N) = X, 
GB(yo,M) = Y and for any 5, a G G, if [x ,gx ] H B(ax ,N) ^ in 
X then [y , 5 y ] n 5(ay , M) ^ in F. 
Our goal is to show that the quasi-isometry <j) : Gxo — > Gyo defined by 4>(gxo) = 
gyo continuously extends to a G-equivariant homeomorphism of the boundaries dX 
and dY. 

Since the map : Gxo —> Gyo defined by <p(gxo) — gyo is a quasi-isometry (cf. 
p. 138], [21], [22]), there exist constants A > and C > such that 

jd Y {gy , hy Q ) - C < d x (gx , hx ) < \d Y (gyo, hy ) + C 

for any g, h G G. 

We first show the following. 
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Proposition 3.1. Let {gi} C G be a sequence. If {giXo} C X is a Cauchy sequence 
in X U dX defined in Section 2, then {giyo} C Y is also a Cauchy sequence in 
YUdY. 

Proof. Let {gi} C G. Suppose that {giXo} C X is a Cauchy sequence in X U dX. 

To prove that {giyo} C Y is a Cauchy sequence in Y U dY, we show that there 
exists M' > such that for any R > 0, there is io G N as 

ftj/o e U Y udY{gi yo;R,M') 

for any i > io- 

Let M' = A(27V + 1) + 2M + C and let i? > 0. 

Since {giX } C X is a Cauchy sequence in X U 9X, for r = X(R + C + M) + N, 
there exists i eN such that 

giXa G Uxudx(gi xa;r, 1) 

for any i > io- 
Then 

dx^cfto^o) > r, dx^o, ft^o) > r, and dx^zoM, Cg^oM) < !, 

where £, giQ x is the geodesic from x to <7i o x and £ 9iXo is the geodesic from x to 
5iX in X. 

Since GB(xo 7 N) = X, there exist a,b G G such that c?x(axo, £g io x ( r )) ^ ^ an d 
dx(te ,<£ Si * (r)) <JV. Then 

[x ,5i x ] nB(ax a ,N) ^ and [zcS^o] nB(bx ,N) ± 0. 

Hence by the condition (*), 

[y , g lo y ] n B(ay , M) ^ and [y , g lVn ] n S(6y , M) ^ 0. 

Thus 

£<K i/o( r o) e [j/o.SioJ/o] n B(ay ,M) and £ flil/0 (r') G [j/ o ,0»S/o] n B(by ,M) 

for some r > and r' > 0. 
To obtain that for any i> io, 

g t yo g U Y udY{g lo yo;R,M') 7 

we show that 

r > J2, r' > J2 and dy(^ io „ (r(,), £ 5iyo (r')) < M'. 

First, 

r = d y(yo,£ 9 , oW) (7o)) 

> d Y (yo,ay ) - M 

> \d x {x 0l ax ) -C - M 

A 

> I( r -iV)-C-M 
A 

= i2, 

because d x {x , ax ) >r - N and r = A(_R + C + M) + TV. 



6 



By the same argument, 

> d Y (yo,byo)-M 

> jdx(x ,bx Q ) -C - M 

> ~(r — N) — C — M 

A 

= R, 

because d x (x , bx ) >r - N and r = X(R, + C + M) + N. 
Also, 

yo ( r o ),£ mVo {r')) < d Y (ay ,by ) + 2M 

< (\dx(ax ,bx ) + C) + 2M 

< X(dx fe io xo (r), (0) + 2N) + C + 2M 

< A(l + 2N) + C + 2M 
= M>, 

because d x (£ gio x (r),£ giXo (r)) < 1 and M' = \{2N + 1) + 2M + C. 
Thus 

r' >R, r'>R and d Y (^ ayo (r' ), ^ yo (r')) < M' . 

Hence 

dY^ gio v {R)^ giVo {R)) < dY^ 9iom (r' ),Uy (r')) < M', 
since Y is a CAT(O) space. Also we obtain that 

dY(yo,9i yo) > R and d Y (yo,giyo) > R, 
because r' Q > R and r' > R. 
Thus 

gtyo 6 U Y udY(9i yo;R,M') 
for any i > Hence we obtain that {giyo] C Y is a Cauchy sequence in YUdY. □ 

Then we define a map <fi : OX — > dY as a continuous extension of the quasi- 
isometry 4> '■ Gxq — > Gyo defined by (f>(gxo) = gyo as follows: For each a G dX, 
there exists a sequence {giXo} C Gxq C X which converges to a in X U dX . Then 
the sequence {giXo} C X is a Cauchy sequence in X U dX by Lemma [2.21 By 
Proposition 13.11 the sequence {giyo} C Y is also a Cauchy sequence in Y U dY. 
Hence by Lemma l2.21 the sequence {giyo} C Y converges to some point a £ dY in 
Y U c?Y. Then we define 4>(a) = a. 

Proposition 3.2. The map <f> : dX —> dY is well-defined. 

Proof. Let a £ dX and let {giXo}, {hiXo} C Gxq C X be two sequences which 
converge to a in X U dX. As the argument above, by Lemma [2.21 and Proposi- 
tion !3.1[ the sequence {gtyo} C Y converges to some point a £ dY and the sequence 
{hiyo} C Y converges to some point j3 £ dY in Y U dY. Then we show that a = ft. 
Here we can consider a sequence {gjXo \ j £ N} C Gxo C X such that 

{gjx | j £ N} = {.g^To | i £ N} U {hiX \i£N} 

and the sequence {c/jXo} converges to a in X U 9A. Then the sequence {c/jXa} 
is a Cauchy sequence in X U <9A and the sequence {gjj/o} is also in Y U <9Y by 
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Proposition 13.11 Hence the sequence {gjUo} converges to some point 7 G dY in 
Y U dY. Here we note that the two sequences {giyo} and {hiyo} are subsequences 
of {gji/o}. Hence we obtain that a = /3 = 7. 

Thus the map <fi : dX — > dY defined as above is well-defined. □ 

Next, we show the following. 

Proposition 3.3. The map (f> : dX — > dY is surjective. 

Proof. Let a G dY. There exists a sequence {giyo} C Gyo C Y which converges to 
a in YUdY. Then we consider the set {giXo \ i G N} which is an unbounded subset 
of X. Here 

CHj/iXo | i G N} H <9X ^ 0, 
and there exists a subsequence {5^X0 j G N} C {giXo} which converges to some 
point a G dX. Then the sequence {g^yo} converges to a in Y U 9Y, because 
{gijVo} i s a subsequence of the sequence {giyo} which converges to a in Y U dY. 
Hence <t>(a) = a by the definition of the map <f>. Thus the map <f> '■ dX — >■ 9F is 
surjective. □ 

Here we provide a lemma. 

Lemma 3.4. For any N > N, there exists M > suc/i i/iai GB(yo, M) = Y and 
for any g, a £ G, if [xq, gxo] D B(axo, N) ^ % in X then [yo, gyo] fl B(ayo, M) ^ 
m K. 

Proof. For N > N, we put M = A(iV + JV) + G + M. 

Let 5, a E G as [xo,<7Xo] fl B(axo,N) ^ in X. Then there exists a point 
x i £ [^OjS^o] n B(ax ,N). Since GB(x ,N) = X, there exists a' G G such that 
x x G B(o!xq, N). Then xi G [xq, gx ] CiB(a'x , N) and [x , gx ] nB(a'x , N) ^ in 
X. By the condition (*), [y , gy ]nB(a'y , M) ^0inF. Hence d Y {a'y , [yo, gyo}) < 
M. Here we note that 

d Y (a'y ,ay ) < \d x (a'x ,axo) +C 

< \(d x (a'x , xi) + dx{xi,ax )) + C 

< X(N + N) + C. 

Hence 

d Y (ay Q , [yo,gyo]) < d Y (ay ,a'y Q ) +d Y (a'y , [yo,gyo]) 
< \(N + N) + C + M 
= M. 

Thus we obtain that [yo,gyo] fl B(ayo, M) ^ in Y. □ 

Let N = 2iV. By Lemma EHI there exists M > such that GB(y , M) = Y and 
for any g,a <E G, if [x ,5X ] n 5(ax ,7V) ^ in X then [yo.ffj/o] n B(ay ,M) ^ 
in F. 

Here we show the following technical lemma. 

Lemma 3.5. Let a G <9X cmc? let £ Q : [0, 00) — > X be the geodesic ray in X such 
that £ a (0) = xo and £ Q (oc) = a. Let {giXo} C Gxo C X be a sequence which 
converges to a in X U dX such that dx(giXo,£,u(i)) < N for any i 6 N (since 
GB{xo,N) = X, we can take such a sequence). Then 
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(1) d x {giX , [x 0l gjX ]) < N for any i, j G N with i < j, 

(2) d Y (giyo, [yo,9jyo]) ^ M for any i,j6N with i < j, 

(3) d Y {giy , Im£ a ) < M + 1 /or any i G N, 

(4) djr(5ia;o)Sfi+i*o) < 2iV+ 1 /or any i G N, 

(5) d Y (giyo,gi+iyo) < + 1) + C for any i G N, and 

(6) Im£a C U{^(.9,2/o, 3(M + 1) + A(27V + 1) + C) \ i G N}. 

Here a — 4>{a) and £ a : [0, oo) — > Y is the geodesic ray in Y such that £q(0) = yo 
and £a(oo) = a. 

Proof. ( 1 ) For any i,jeN with i < j, 

dx(gix , [x ,gjx }) < dx{giXo,£, a {i)) + dx(£ a (i), [xo,9j%o]) 
<N + N = 2N 

= N, 

where we obtain the inequality dx{£a(i), [%o,9j%o]) — N, since dx(gjXo,^ a (j)) < 
N,i < j and X is a CAT(O) space. 

(2) By Lemma l3.4l and the definition of M, we obtain that dy{giya, [yo,gjyo]) < 
M for any ij'sM with i < j from (1). 

(3) We note that the sequence {giyo} converges to a by the definition of the map 

4> : ox ->• ar. 

Let i G N and let R — d Y (yo, 9iVo)- Since the sequence {gjyo} converges to a, 
there exists jo G N such that 

for any j > jo, because the set 

{U YudY {a;r,l)\r>Q} 

defined in Section 2 is a neighborhood basis for a in Y U dY. 

Let j G N with j > i and j > jo- Since i < j, we obtain that dy (5^0, [2/0 > 9jVo\) < 
M by (2). Hence there exists r > such that d Y (giyo, £, 9j y (r)) < M. Here we note 
that r < i? by [24j Lemma 4.1] and we can obtain that 

d Y (Ur),^ yo (r)) < d Y fe(RU gjya (R)) < 1, 

since Y is a CAT(O) space. Then 

oV(5i?/o,Ini£ a ) < d Y {g l y ,£ !gjya {r)) + d Y (£ g:jyo (r),~Im€a) 

< M+ 1. 

Hence dy (gjj/O; I m £a) < M + 1 for any j G N. 

(4) We obtain that dx(giXo, gi + \Xo) < 2N + 1 for any i G N, because 

dx^i^Si+l^o) < £»(*)) + dx(Ca(»):Ca(i + 1)) + d X (£a (l + l),g i+ lX ) 

<N + 1 + N 
= 2N + 1, 

since dx(gi%o, £a(i)) < N for any i G N by the definition of the sequence {giXo}. 

(5) Since the map <f> : Gxq — > Gyo (gxg i— > gyo) is a quasi-isometry, we obtain 
that d Y (g l y G ,g i+lVo ) < \{2N + 1) + C for any i G N by (4). 
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(6) For each i g N, there exists r, > such that d Y {giVo> < M + 1 by 

(3). Then by (5), 

dy(£a(r;),£a(7i+i)) < dy(^o(n), 9iVo) + d Y {giVa, Qi+iVa) + d Y (gi+iyo,£a(n + i)) 
< (M + 1) + (X(2N + 1) + C) + (M + 1) 
= 2(M + 1) + X(2N + 1) + C. 

Hence we obtain that 

Im£ a c\J{B( gi y ,3(M + l) + \(2N + l) + C)\ieN}. 

□ 

Now we show the following. 
Proposition 3.6. TTie map : dX — > <9y is injective. 

Proof. Let a, a' € <9X, and let £ a : [0,oo) — >• X and £ Q > : [0,oo) — > X be the 
geodesic rays in X such that £ Q (0) = £a'(0) = xq, £a(°°) = a an d £a'(°°) = a '- 
Let {giXo} , {glxo} c Ga;o C X be sequences such that dx(gi%o, £a(i)) < -W and 
dx(5i^o,Ca'(*)) — N. Then the sequence {giXo} converges to a and the sequence 
Wi x o} converges to a' in X U 9X. 

Let a — 4>(a) and a' — <j){a'). Also let £ a : [0, oo) — > Y and : [0, oo) — > y be 
the geodesic rays in y such that £a(0) = £<j'(0) = yo, £a(°o) = a and £-,(oo) = a'. 

Then by Lemma l3.5[ 

(1) d x (giX , [x ,gjx }) < N for any i,j g N with i < j, 

(2) d Y (giyo, [yo,gjyo]) 55 M for any ij'eN with i < j, 

(3) dy(giyo, I m £ a ) < M + 1 for any i 6 N, 

(4) dx^xo^i+izo) < 2iV + 1 for any i g N, 

(5) d Y (giy ,gi+iyo) < A(27V + 1) + C for any t G N, 

(6) Im£ a C U{S(ffiyo, 3(M + 1) + \(2N + 1) + C) \ i g N}, 

and 

(!') ^(fl^o, [aJcffj-^o]) < ^ for any i,j£N with i < j, 

(2') d Y (glyo, [Vo,9jW>]) < M for any i,j gN with i < j, 

(3') dyfo^Imfo,) < M + 1 for any i g N, 

(4') d x (g[x Q ,g' i+x Xo) < 2N + 1 for any i g N, 

(5') aY^'yo, ff-+iJ/o) < A(27V + 1) + C for any i g N, 

(6') Im^ c \j{B{g'^y , 3(M + 1) + A(27V + 1) + C) | i g N}. 

To prove that the map (f> : dX — >• c?y is injective, we show that if a ^ a' then 
a'. 

We suppose that a ^ a'. Then the geodesic rays £ a and £ a / are not asymptotic. 
Hence for any t > 0, there exists ro > such that djt(£a('"o)>I m £a') > £• Then for 
?'o g N with io > ro, 

d x (gi o x , Im£, a ,) > dx(Ca(io),ImCa') - d x {gi x , &»(io)) 
> t-iV 
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Since dx(g'j%o, lm£ a >) < N for any j S N, we obtain that dx(gi xo, g'jXo) > t — 2N 
for any j £ N. Hence for any j £ N, 

dy (gi y : o,g'jyo) > \d x {gi xo,g'jXo) - C 

> -{t-2N)-C. 
A 

Here by (6'), 

Imfe c\J{B(g' jyo ,3(M + l) + X(2N + l)+C)\j e N}. 
Let jo € N such that 

dY{gi yo,g' jo yo) = vcAn{d Y {g io yQ,g' j y Q )\j e N}. 

Then 

d Y (g io y Q ,ImZ-,) > min{dy( ffio2 / ,<?>) | j e N} - (3(M + 1) + A(27V + 1) + C) 
= d Y {g la yo, g' jo y ) - (3(M + 1) + A(2iV + 1) + C) 

> (~(t - 27V) - C) - (3(M + 1) + \(2N + 1) + C), 
A 

since d Y (gi yo, g^yo) > j(i — 2iV) — C for any j G N by the argument above. 
Thus for any t > 0, there exists io S N such that 

d Y (g io y ,Im£-,) > (i(f - 27V) - C) - (3(A/ + 1) + A(2iV + 1) + C). 

Here by (3), there exists Rq > such that 

dr(s^o,ea(#o)) < M + l. 

Then 

d Y (£,a(Ro)Jm£, a >) > d Y (g lo y ,lm£, a ,) - d Y (g lo y ,£ a (R )) 

> (~(t- 2iV) - C) - (3(AT + 1) + \(2N + 1) + C) - (M + 1) 
A 

= (i(t- 2iV) - C) - (4(AT + 1) + \(2N + 1) + C). 
A 

Since i > is an arbitrary large number, the two geodesic rays £ s and £~t are not 
asymptotic and 5^ a'. 

Therefore, the map <\> : dX — > dY is injective. □ 

From Propositions ^. 3l and l3.6l we obtain that the map <f> : dX — > dY is bijective. 
We show the following. 

Proposition 3.7. The map <\> : dX —> dY is continuous. 

Proof. Let a G dX and let a = 4>(a). We put c = A(2iV + 3) + C + 2(M + 1) which 
is a constant. 

To prove that the map <f> : dX dY is continuous at the point a £ dX, 
we show that for any f > 0, there exists r > such that if j3 G Uxudx(ct; r, 1) 
then ft 6 U Yu g Y (a; f, c) where /3 = </>(/3), because {C/xuax (a; r , 1) I ?" > 0} and 
{U YU Q Y (a; r, c) I F > 0} are neighborhood basis for a and a in <9X and <9F, respec- 
tively. 

For f > 0, we take r = A(f + C + M + 1) + N + 1. 
Let /? e J7jcu9x(a; r, 1) and let /3 = </>(/?). 
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By Lemma 15751 there exists a sequence {gi} C G such that 

(1) the sequence {gixo} C X converges to a in X U dX, 

(2) dx(gix a ,Im£ a ) < N for any i G N, 

(3) Im£ Q C |J{-Bto, TV + 1) | i G N}, 

(4) the sequence {giyo} C Y converges to ainFU dY, and 

(5) dy (giy ' ,Im£ a ) < M + 1 for any i G N. 

Here since d x (g i Xo,£ ia (i)) < N and d x (^ a (i), + 1)) — 1 f° r an Y « E N in 
Lemma \3. 51 we can obtain the statement (3) above. Also, there exists a sequence 
{hj} C G such that 

(1') the sequence {hjXo} C X converges to /3 in X U <9X, 
(2') d x (hjX , Im^) < TV for any j G N, 
(3') Im^ C UWjZo, AT + 1) | j G N}, 

(4') the sequence {hjyo} C F converges to j3 in F U <9F, and 
(5') dyihjyo, Im^) < M + 1 for any j G N. 

Since /3 G U xudx (a; r, 1), 

dx(6*(r),^(r)) < 1. 
By (3) and (3'), there exist io G N and jo G IN such that 

dx(gi x ,£, a {r)) < N + 1 and d x (hj o x , < iV+ 1. 

Also by (5) and (5'), there exist f > and r' > such that 

dY(g io yo,tci{r)) <M+1 and d Y (h jo y ,^(r')) < M + 1. 

Then 

d x {gi a x ,h jo x ) < d x (g io x ,£ a (r)) + d x (£ a (r), &(r)) + d x (£p{r), h jo x ) 
<(N+1) + 1 + {N + 1) 
= 2N + 3. 

Hence 

dY{gi o yo,h jg y ) < Xd x (g io x ,hj x ) + C 
< X(2N + 3) + C. 

Then 

d Y (£&(r),£p{r')) < d Y (£ & (r), g l0 yo ) + d Y {g l0 yo , h jo y ) + d Y (h jo y , $g (r')) 
< (M + 1) + (A(2iV + 3) + C) + (M + 1) 
= X(2N + 3) + C + 2(A/ + 1) 
= c. 
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Also, 



f = d Y (y ,£ a (r)) 

> d Y (y ,gi yo) - d Y (g io y ,£ a (r)) 

> d Y {y ,g io y ) - (M + l) 

> jd x (x 07 g lo x ) - C - {M + 1) 

> i (djc (x , £ Q (r ) ) - rfx (g l0 x ,ta(r)))-C-(M + l) 

> Ur-(N+l))-C -(M+l) 
A 

= f, 

since r = A(f + G + M + 1) + AT + 1. Thus we obtain that 

d Y (ta(f), Im^) < rfr(^a(f),Im^) 

<dyfe(r),^(r')) 
< c. 

Hence j3 G U Yu g Y (a; r, c). 

Thus the map : <9A — >• <9Y~ is continuous. □ 

Finally, we show the following. 

Theorem 3.8. The map : dX — > dY is a G-equivariant homeomorphism. 

Proof. By the argument above, the map : dX — > dY is well-defined, bijective and 
continuous. 

From the definition and the well-definedness of 0, we obtain that the map : 
dX — > dY is G-equivariant. Indeed for any a G dX and g G G, if {giXo} C 
Gx C X is a sequence which converges to a in X U 5A, then 0(a) is the point 
of dY to which the sequence {giyo} C Gyo C V converges in Y U <9y. Then 
{ggiXo} C G^o C AT is the sequence which converges to got in X U dX and 4>(ga) 
is the point of <9Y~ to which the sequence {ggiyo} C Gyo C F converges in F U 9F. 
Here we note that the sequence {ggiyo} C Gyo C Y converges to g<fi(a) in Y U 9y 
by the definition of the action of G on dY. Hence <fi(ga) = g<fi(a) for any a G <9A 
and 5 G G and the map : <9A — >• <9y is G-equivariant. 

Also, the map : 9 A — > 9y is closed, since d X and <9F arc compact and 
metrizable. 

Therefore, we obtain that the map : dX — > dY is a G-equivariant homeomor- 
phism. □ 

4. Remark 

The author thinks that there is a possibility that the main theorem, the condition 
(*) and some arguments in this paper can be used to investigate boundaries of 
CAT(O) groups and interesting open problems on 

(1) (cquivariant) rigidity of boundaries of CAT(O) groups; 

(2) (equivariant) rigidity of boundaries of Coxeter groups; 

(3) (cquivariant) rigidity of boundaries of Davis complexes of Coxeter groups; 
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(4) (equivariant) rigidity of boundaries of CAT(O) spaces on which Coxeter 
groups act geometrically by reflections; 

(5) (equivariant) rigidity of boundaries of CAT(O) spaces on which right-angled 
Coxeter groups act geometrically by reflections; 

(6) (equivariant) rigidity of boundaries of CAT(O) cubical complexes on which 
CAT(O) groups act geometrically, 

etc. 

Here we can find some recent research on CAT(O) groups and their boundaries in 
HU, PU, [53], [15], [3D], [3J, [33J, [31], [35] and [3J. Details of Coxeter groups and 
Coxeter systems are found in [5J , [pj and [55] , and details of Davis complexes which 
are CAT(O) spaces defined by Coxeter systems and their boundaries are found in 
[15, [IS] and [35J. We can find some recent research on boundaries of Coxeter 
groups in [TUJ, [IS], [17], [IB], HFJ, [3T]. Every cocompact discrete reflection group 
of a geodesic space becomes a Coxeter group (cf. [25 ), and we say that a Coxeter 
group W acts geometrically on a CAT(O) space X by reflections if the Coxeter 
group W is a reflection group of X (cf. [27]). 
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